A numerical technique is developed for the analysis of dissipative silencers of arbitrary, but axially uniform, cross section. Mean gas flow is included in a central airway which is separated from a bulk reacting porous material by a concentric perforate screen. The analysis begins by employing the finite element method to extract the eigenvalues and associated eigenvectors for a silencer of infinite length. Point collocation is then used to match the expanded acoustic pressure and velocity fields in the silencer chamber to those in the inlet and outlet pipes.
I. INTRODUCTION
Dissipative silencers are effective for attenuating broad-band noise and are commonly deployed in automotive exhaust and HVAC systems. A dissipative silencer often takes on a complex geometrical shape, for example in an automotive exhaust system elliptic crosssections are common. Modelling complex silencer geometries presents a considerable challenge, especially if one assumes the porous material to be bulk reacting. Inevitably, . Most silencer geometries are not, however, always of a fully arbitrary shape; in fact, most dissipative silencers usually contain an axially uniform cross section. For such a silencer it is desirable to take advantage of the uniform geometry and to avoid the significant CPU expenditure associated with a three dimensional finite element model. One possible solution is to apply the so-called point collocation technique suggested by Astley et al. 3 This method is versatile enough to cope with an arbitrary cross-section but also promises to economise on CPU expenditure when compared to the method of Peat and Rathi 1 .
The model reported here examines a "straight-through" dissipative silencer containing an axially uniform, but arbitrarily shaped, cross section. The model includes mean flow in the central airway and also a perforated screen, separating the porous material from the central airway, since this has been shown also to influence silencer performance. 4 A uniform silencer facilitates the reduction of the problem from three to two dimensions and in the process potentially reduces CPU expenditure. Thus, the silencer chamber studied here is assumed first to be infinite in length and an eigenvalue analysis is performed. Subsequently the silencer transmission loss is computed by matching the expanded acoustic pressure and velocity fields at the entry/exit planes of the silencer chamber.
The relative simplicity of an eigenvalue analysis, particularly when compared to a threedimensional approach, has meant that computing modal attenuation rates for dissipative silencers has proved popular, although very few studies progress to calculating silencer transmission loss. For example, Astley and Cummings 5 use the FEM to compute modal attenuation rates in dissipative silencers of rectangular cross-section, adding the effects of mean flow in the central airway. The method of Astley and Cummings was later applied to automotive silencer design by Rathi, 6 who obtained modal attenuation rates for silencers of an elliptic cross-section. Both studies do, however, omit the effects of a perforate and, more importantly, neither progress to predicting the silencer transmission loss. A number of alternative numerical eigenvalue formulations have also been sought for elliptical crosssections, examples include the Rayleigh Ritz approach of Cummings 7 and the point matching technique of Glav 8 . These alternative formulations do, however, compromise, to some extent, the versatility and robustness of the FEM; the analysis of Cummings is restricted to the fundamental mode only, the method of Glav is very sensitive to silencer geometry and the collocation grid chosen. Moreover, Glav omits both mean flow and a perforate whilst
Cummings omits a perforate, and neither study progresses to computing silencer transmission loss.
To predict silencer transmission loss, after first performing an eigenvalue analysis one begins by expressing the acoustic pressure and velocity fields either side of a discontinuity (the inlet and outlet planes in a uniform straight through silencer) as a modal expansion in which only the modal amplitudes are unknown. These are then determined by matching acoustic pressure and normal velocity across each discontinuity. This approach is commonly known as mode matching and has been applied successfully to duct acoustics problems, for example, 
II. GOVERNING EQUATIONS
The dissipative silencer consists of a concentric perforated tube surrounded by an (isotropic) porous material of arbitrary cross-section (see Fig. 1 ). The silencer chamber, which has a length L, is assumed to be uniform along its length, the outer walls of which are assumed to be rigid and impervious. The inlet and outlet pipes (regions 1 R and 4 R ) are identical, each having a circular cross section with rigid, impervious, walls.
Prior to matching acoustic pressure and velocity at each axial discontinuity, an eigenvalue analysis is required, both for the silencer chamber and for the inlet/outlet pipes. Finding the eigenvalues and associated eigenvectors for the inlet/outlet pipes is straightforward so listed below is the eigenvalue analysis for the chamber only.
A. Governing equations for the silencer chamber.
The acoustic wave equation in region R 2 is given by 
where 0 c is the isentropic speed of sound, p′ is the acoustic pressure and t is time. For regions 2 and 3 a coupled modal solution for an axial wavenumber λ is sought; thus the sound pressure in region 2 is expanded in the form
where
is the wavenumber in region R 2 , 1
and ω is the radian frequency.
Substituting the assumed form for 2 p′ into the governing wave equation gives
where M is the mean flow Mach number in region R 2 and yz ∇ denotes a two dimensional form of the Laplacian operator (y, z plane).
Similarly for region R 3 , if the sound pressure is expanded in the form
the wave equation may be written as
provided mean flow in this region is assumed to be negligible and Γ is the propagation constant of the porous material.
The appropriate boundary conditions which link together regions R 2 and R 3 are continuity of normal particle displacement and a pressure condition which takes into account the presence of the perforate. It is convenient to write each boundary condition in terms of the acoustic particle velocity; thus for continuity of displacement ( )
and for pressure 
Here, u is the acoustic velocity vector, n the outward unit normal vector, and c p is the sound pressure on boundary c S (the perforate) either in region R 2 or region R 3 . The (dimensionless) acoustic impedance of the perforate is denoted by ζ and 0 ρ is the mean fluid density in region R 2 . The assumption of an infinitesimally thin perforate is implicit in Eq. (7) and is valid because the thickness of the perforate is typically small when compared to the overall dimensions of the silencer. Finally, for the outer wall of the silencer chamber (surface 3 S ), the normal pressure gradient is zero; thus 
Applying Green's theorem to equation (10) yields Eq. (11) gives
Similarly, the weak Galerkin method allows the wave equation in region R 3 to be written as
after utilising the pressure boundary condition on surface 3 S [Eq. (8) 
For region 3, substitution of Eq. (14b) into the right hand side of Eq. (13) yields
The pressure boundary condition [Eq. (7)] may now be substituted into the right-hand side of both Eqs. (15) and (16) to yield two equations which may then be combined to give a single
Equation (17) constitutes a second order eigenvalue problem in λ . It is noticeable that the order of this eigenequation has been reduced by 2 when compared to a similar study by Astley and Cummings 5 , who omitted the perforate. Re-writing equation (17) in matrix form, and re-arranging into ascending orders of λ , gives
where p is a vector accommodating the pressure in both regions 2 and 3. 
and
Finally, the problem may be solved for λ by re-writing Eq. (18) as
where I is an identity matrix.
C. Numerical matching of sound fields.
Acoustic pressure and normal particle velocity are to be matched at collocation points on the silencer inlet and exit planes, thus at plane A (see Fig. 1 ),
and for plane B,
where x u′ is the axial particle velocity. The acoustic pressure and velocity on either side of a discontinuity are now written in terms of a modal expansion, containing both incident and 
assuming the outlet pipe is terminated anechoically downstream of plane B. Again, the collocation points in region R 4 should map onto those chosen in region R 2 , and so
For the silencer chamber, the overall number of collocation points in regions R 2 and R 3 are 
III. EXPERIMENTAL TESTS
Experimental measurements were performed on two dissipative exhaust silencers, called here silencer A and B. Each silencer is approximately elliptical in cross section and contains a bulk reacting porous material separated from the central airway by a concentric perforated screen (see Fig. 2 ). The chamber dimensions are summarised in Table I (for each silencer the radius r of the perforated tube is 37 mm).
A. Silencer Transmission Loss.
The silencer transmission loss was measured using the impulse technique described by
Cummings and Chang
11
. This method is appropriate in the absence of an anechoic chamber and is suited also to tests that involve mean fluid flow. The technique involves sending a short rectangular pulse through the silencer and capturing the transmitted sound pressure.
The process is repeated after a suitable time interval and the transmitted sound pressure successively averaged. The same procedure is followed after removal of the silencer from the test rig and the transmission loss is computed by taking the logarithmic ratio of the two captured average sound pressure spectra. A detailed account of the experimental technique is given by the author in a paper on axisymmetric dissipative silencers, where Ω is the porosity of the porous material, f ξ is a dimensionless frequency parameter The material constants measured for E glass and basalt wool are listed in Table II. Table II 
where t is the thickness of the plate, ν is the kinematic viscosity of the mean gas flow, and * u is the friction velocity of the mean gas flow measured on the inner wall of the perforate.
The orifice reactance is given by
, and Kirby and Cummings 
IV. RESULTS AND DISCUSSION
The finite element mesh generated for both silencers A and B (see Table I ) consisted of 6 noded triangular (in region 2 R ) and 8 noded quadrilateral (in region 3 R ) isoparametric elements. For both silencers, 24 elements (88 nodes) were used to mesh the chamber, this equates to 35 nodes in region 2 R and 53 nodes in region 3 R . Note that in order to implement the pressure change boundary condition across the perforate [see Eq. (7)] it is necessary to place a node on either side of the perforate and then to apply the boundary condition between these two nodes. Thus, the finite element mesh includes two nodes (with identical Table I ) by Kirby However, as we do not know the shape of the final sound pressure field prior to numerical matching, the choice of where best to put the collocation points becomes problematic, especially at higher frequencies. The author has found the most reliable and robust approach by choosing collocation points coincident in location with the nodes chosen for the eigenvalue problem and to adapt the eigenvalue mesh only, i.e., to follow a standard finite element adaptive procedure. Thus, for the current problem, matching is carried out over 35 collocation points in region R 2 , and 53 points in region R 3 -collocation points equivalent in number to the number of eigensolutions found in the silencer chamber. Of course, it is widely known that for a finite element eigenvalue analysis one can rely on the accuracy only of about 20% of the eigensolutions found. This does not present a problem here since the sound pressure field at an individual collocation point is expressed as a modal sum [see Eqs.
(26)-(28)] and it is likely that, at least for the dissipative silencers studied here, the performance of the silencer is dominated by the least attenuated modes, and these are the modes which are found with the most accuracy using the FEM. For the current problem, approximately 18 least attenuated modes may be deemed to be accurate and this number should be more than sufficient to achieve a convergent sum in Eqs. 
IV. CONCLUSIONS
A finite length dissipative silencer of arbitrary, but uniform, cross section has been modelled by combining a finite element eigenvalue analysis with a point collocation matching scheme.
The method is computationally efficient when compared to a three-dimensional finite element approach and avoids the question of modal orthogonality. A good correlation between prediction and experiment is observed both with and without mean flow, up to a frequency of 1500 Hz for the silencers studied here, although in principle the method is applicable over a much wider frequency range. Furthermore the flexibility and robustness of the finite element method allows the technique to be applied to any cross sectional dissipative 
